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We propose a geometric phase gate of two ion qubits that are encoded in two levels linked by
an optical dipole-forbidden transition. Compared to hyperfine geometric phase gates mediated by
electric dipole transitions, the gate has many interesting properties, such as very low spontaneous
emission rates, applicability to magnetic field insensitive states, and use of a co-propagating laser
beam geometry. We estimate that current technology allows for infidelities of around 10−4.
PACS numbers: 03.67 Lx, 03.67 Pp, 32.80 Qk
One of the important and most difficult experimen-
tal efforts of quantum computation is to realize almost
perfect two-qubit gate operations. Currently, it is be-
lieved that gate error probabilities of about 10−4 would
be sufficiently low to allow for so-called efficient fault-
tolerant quantum computing. [1, 2]. Strings of trapped
ions are among the most promising candidates for the
realization of a quantum computer. So far, the lowest
published gate infidelity is still around 3% [3] and was
experimentally achieved with a geometric phase gate in
an ion trap experiment. The main limitations of this
gate come from spontaneous emission and magnetic field
fluctuations [3, 4].
Ion trap quantum computation can be implemented
with two alternative qubit encodings: hyperfine ground
state qubits and qubit states connected by optical tran-
sitions. For hyperfine qubits, the gate operations are
performed by Raman coupling mediated by dipole tran-
sitions. Ref. [3] used an encoding based on such a hy-
perfine transition. In this setting, however, it is demand-
ing to reduce spontaneous scattering below the required
fault tolerant level [5, 6], because a tremendous amount
of laser power is required. Recently, the use of Raman
processes on quadrupole transitions was proposed for hy-
perfine qubits [7]. However, also this strategy requires
high laser powers to achieve short gate times.
Here, we propose a σz-type geometric phase gate on
an optical transition to overcome some of the limitations
present in the realization of [3]. For instance the use
of an optical quadrupole transition allows to reduce the
likelihood of a spontaneous emission event sufficiently.
Also it is shown that magnetic field insensitive states
can be used for the σz geometric gate on an optical
transition. More interestingly, the gate can be executed
with a co-propagating laser beam configuration, which
reduces the errors from phase fluctuations between two
laser beams [4]. With hyperfine qubits, on the contrary,
only a counter-propagating scheme can be utilized for the
gate. Finally, the proposed gate can be directly used as
a logical two-qubit gate in dephasing-free subspaces be-
cause of the natural suitability of phase gates for such
purposes [8].
The gate here proposed applies to any ion-qubit states
connected by weak transitions such as, quadrupole transi-
tions of Ca+, Sr+, Ba+. We first show that it is possible
to realize a state-dependent displacement on the opti-
cal transitions with bichromatic laser radiation, and that
for the most interesting detunings of the laser fields the
coupling is maximized in a co-propagating geometry. In
turn, the applicability of the gate to magnetic field in-
sensitive states is explained. In a second step, we extend
the scheme to two ions and study carefully the intrinsic
complications leading to infidelities of the gate. We show
that these can be compensated by spin echo techniques,
thus reducing the infidelities to a level of about 10−4.
We also discuss the connection between gate speed and
the probability of spontaneous emissions during one gate
operation, and show that the error due to it can also be
reduced to a level of 10−4. Finally, we briefly examine
other more technically relevant errors arising from fluc-
tuations of experimental parameters.
Consider a single ion in a one-dimensional harmonic
trap interacting with two laser beams detuned from the
ion’s quadrupole transition connecting the ground state
S to a metastable D state. If we treat the ion as a two-
level system, the Hamiltonian in the interaction picture
and after performing the rotating wave approximation
with respect to optical frequencies is given by
HˆI =
∑
j=1,2
σˆ+(
h¯Ωj
2
e−i(∆jt+φj)eiηj(aˆe
−iνt+aˆ†eiνt)) + h.c.,(1)
where σˆ+ = |D〉〈S|, aˆ and aˆ† are the ladder operators of
the oscillator, ν is the trap frequency, and Ωj , ηj are the
Rabi frequency and Lamb-Dicke parameter of the laser
with detuning ∆j and optical phase φj , respectively.
As will be detailed below, a state-dependent displace-
ment operation is achieved by setting ∆1 = ∆, ∆2 =
∆ − ν + δ ( δ ≪ ν). In the Lamb-Dicke regime, at low
2laser intensity Ωj ≪ ∆j , and ignoring terms faster than
δ, a second-order perturbation yields the following effec-
tive interaction Hamiltonian
Hˆeff,1 = (
h¯Ωeff
2
aˆe−iδt +
h¯Ω∗eff
2
aˆ†eiδt)σˆz + LS. (2)
Here, Ωeff = (
η1(∆−ν+δ/2)
(∆−ν)(∆−ν+δ) − η2(∆+δ/2)∆(∆+δ) )Ω1Ω22 e−iφL , and
LS denotes the light shifts coming from the transitions
of carrier and the first motional sidebands and is given
by
∑
j=1,2 h¯Ω
2
j σˆ
z [− 14∆j − (
η2j
4(∆j+ν)
− η
2
j
4(∆j−ν)
)(nˆ + 12 )],
where σˆz = |D〉〈D| − |S〉〈S|, nˆ = aˆ†aˆ, φL = φ1 − φ2 −
pi/2. Neglecting light shifts for the moment, the effective
Hamiltonian (2) describes the desired state dependent
displacement operation [4]. The time evolution operator
is found to be
Uˆ(t) = exp{− i
h¯
(
∫ t
0
dt′Hˆeff(t
′) (3)
− i
2h¯
∫ t
0
dt′
∫ t′
0
dt′′[Hˆeff(t
′), Hˆeff(t
′′)] + · · · )},
from the Magnus expansion related to the Baker-
Campbell-Hausdorff formula eAeB = exp(A + B +
1
2 [A,B] + · · · ). With the Eq. (3), the time evolution op-
erator of the Hamiltonian (2) can be obtained by Uˆ1(t) =
e(α(t)aˆ
†−α(t)∗aˆ)σˆzeiΦ(t)σˆ
2
z . Here, α(t) = Ωeff2δ (1 − eiδt) and
Φ(t) = |Ωeff2δ |2(δt − sin(δt)). The ion moves periodically
along a circular path in phase space of radius |h¯Ωeff/2δ|
with periodicity 2pi/δ, and the direction of motion is de-
termined by the qubit state and φL. At t = 2pi/δ, it
returns to the original motional state and acquires the
geometrical phase Φg = 2pi|Ωeff/2δ|2. The latter phase
depends only on the area enclosed by the trajectory, so
both qubit states gain the same geometrical phase inde-
pendently of φL.
We show now that, for optical-transition qubits, a co-
propagating geometry maximizes the strength of the Ra-
man coupling Ωeff . For the case of hyperfine ground
state qubits connected by dipole transitions, the detun-
ings ∆1, ∆2 must be much larger than ν in Fig. 1(a), so
∆1 ≃ ∆2 = ∆, which implies that |Ωeff | = |η1−η2∆ |Ω1Ω22 .
It is then essential to use a non-copropagating laser
beam configuration (η1 6= η2) in order to achieve a non-
vanishing coupling. With quadrupole transitions, the de-
tunings can be of the order of ν without considerable
spontaneous emission. At the detunings ∆1 = −∆2 ≈ ν2 ,
the coupling strength |Ωeff | = | − η1∆1 +
η2
∆2
|Ω1Ω22 is maxi-
mized at η1 = η2. The Raman coupling with those detun-
ings are depicted in Fig. 1(b). Most interestingly, the co-
propagating geometry reduces optical phase fluctuations
from path instabilities. Furthermore the co-propagationg
geometry also ensures that the displacement operation
can be executed regardless of the ions’ spacing. This is
in contrast to a counter-propagating geometry where it is
necessary to carefully control such spacings so as to have
the proper laser phase on each ion [3].
Moreover, the symmetry of the detunings guarantees
that the light shift in Eq. (2) disappears provided that
both lasers’ intensities coincide Ω1 = Ω2. Thus, it is not
necessary to consider polarization states to equalize AC
stark shifts of internal states from the two laser beams.
Finally, the state-dependent coupling is achieved with-
out any restriction on the magnetic-field properties of
the states. The scheme here proposed is, therefore, ap-
plicable to magnetic field insensitive transitions, e.g. the
quadrupole transitions of 43Ca+ ion [9].
Now we extend the above consideration to two ions and
study the two qubit gate operation with the detunings
∆1 =
ν
2 − δ2 , ∆2 = − ν2 + δ2 and the same Rabi frequency
Ω1 = Ω2 = Ω. We focus on the center of mass mode
(CM). With two ions, the effective Hamiltonian is given
by
Hˆeff,2 =
h¯|Ωeff |
2
(aˆe−i(δt+φL) + aˆ†ei(δt+φL))Sˆz
+
4
3
h¯η|Ωeff |
2
(σˆ
−∆ϕ/2
1 ⊗ σˆ∆ϕ/22 ) + Oˆ(η3), (4)
where |Ωeff | = 2ηΩ
2
ν , Sˆ
z = σˆz1+ σˆ
z
2 , σˆ
ϕ
j = e
iϕσˆ+j +e
−iφσˆ−j ,
∆ϕ = kL cos θ (z1 − z2) is the laser phase difference be-
tween both ions, where kL the wave vector, θ the angle
between kL and trap axis, and zj the equilibrium position
of the jth ion. The first term of Eq. (4) produces the
evolution of a two-ion geometric phase gate: electronic
states |DD〉, |SS〉 get both a Φg = 2pi|Ωeff/δ|2 phase af-
ter t = 2pi/δ, whereas states |DS〉, |SD〉 are not affected.
At δ = ±2Ωeff , the obtained geometric phase Φg must be
pi/2 for the gate to be maximally entangling.
The second term in Eq. (4) is a Mølmer-Sørensen (MS)
coupling [10], which does not occur for the geometric
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FIG. 1: Schematic representation of bichromatic laser fre-
quencies to excite the motional states from |n〉 to |n+ 1〉 (a)
for hyperfine qubit states connected via dipole transitions and
(b) for states of the optical-transition qubit. To keep the fig-
ure simple, we omitted similar couplings connecting |n − 1〉
to |n − 2〉, |n + 1〉 to |n + 2〉 and so on. On resonance, this
ladder of interactions produces a displacement operation in
the motional state space. In (a), |g↓,↑〉 and |e〉 stand for two
hyperfine ground states and an electric-dipole excited state,
respectively.
3phase gate with hyperfine qubits. During the gate op-
eration, the coupling transfers the population between
|DD〉 and |SS〉, and between |DS〉 and |SD〉. Since pop-
ulations do not change in an ideal σz geometric phase
gate, the MS coupling increases the gate infidelity by
producing population errors. We study the effect of MS
coupling by a numerical integration of the exact Hamilto-
nian (1) of two ions. We sandwich the gate with two local
pulses to turn it into a CNOT gate and assess the perfor-
mance of the gate through the state fidelity, the overlap
between the final and the ideal states, using |DD〉 as the
input state. All other input states display the same fi-
delities. As shown in the light-gray solid curve of Fig.
2(a), the infidelities are increased to 1% around η=0.06
at the given simulation parameters mainly due to the MS
coupling. Including MS coupling and keeping terms up
to η2 inside the exponent of Eq. (3), the time evolution
operator for t = 2pi/δ and δ = 2Ωeff can be approximated
by
Uˆgate2 ≈ ei
pi
2
( Sˆ
z
2
)2e−i
2piη
3
(σˆ
−∆ϕ/2
1
⊗σˆ
∆ϕ/2
2
). (5)
Here, we can see that the MS coupling changes the pop-
ulation of the final state at the end of the gate by (2piη3 )
2,
in agreement with the light gray solid curve of Fig. 2(a).
Using a spin-echo sequence and an offset detuning δoff ,
however, the MS coupling in the gate can be reduced.
The spin-echo sequence exchanges the populations of in-
ternal electronic states of both ions [ei
pi
2
(σˆy
1
+σˆy
2
)] at the
middle and at the end of the full gate operation. The
σˆz gate is divided in two parts and at each gate pulse,
the same electronic states get a pi/4 phase, after perform-
ing a closed circle phase space with the radius reduced
by
√
2. Therefore, one needs to increase δ = 2
√
2Ωeff
for the spin-echo sequence. Around the end of one gate
pulse, the time evolution operator can be approximated
by Uˆ echo2 = e
ipi
4
( Sˆ
z
2
)2e
−i 2piη
3
√
2
(σˆ
−∆ϕ/2
1
⊗σˆ
∆ϕ/2
2
)
. We have to
add a pi/2 phase to one ion [ei
pi
4
σˆz
1 ], in order to cancel out
the MS operation. This can be shown by the following
calculation:
ei
pi
2
( Sˆ
z
2
)2 = ei
pi
2
(σˆy
1
+σˆy
2
)Uˆ echo2 e
ipi
2
(σˆy
1
+σˆy
2
)ei
pi
4
σˆz
1 Uˆ echo2 . (6)
For introducing a pi/2 phase shift, either a single off-
resonant laser can be used or the distance between the
ions can be changed. In Fig. 2(a), the gray solid curve
shows that the spin-echo sequence reduces, indeed, the
gate infidelity due to MS coupling.
Eq. (5) and (6), however, are an approximation up to
the order of η2 inside the exponent of Eq. (3). Since
Sˆz does not commute with σˆ
−∆ϕ/2
1 ⊗ σˆ∆ϕ/22 , there is a
term [Sˆz, σˆ
−∆ϕ/2
1 ⊗ σˆ∆ϕ/22 ] ∝ η3 in the time evolution of
Eq. (3). Those terms cannot be compensated by spin-
echo pulses. In order to reduce the effect, we can add
a detuning δoff to both laser frequencies. The offset de-
tuning δoff makes the coupling between |DD〉 and |SS〉
(a)
(b)
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FIG. 2: (a) Gate error vs. Lamb-Dicke factor η. The solid
lines are the infidelities obtained from a numerical integration
of the full Hamiltonian. The light gray line is obtained with-
out spin-echo sequence, the gray one with spin-echo sequence
and the black one with spin-echo sequence and offset detuning
δoff = (2pi)20kHz. Here Ω = ν/6, ν = (2pi)1.26MHz are used.
The dominant error is caused by the MS coupling term. The
dashed lines are infidelities caused by spontaneous decay of
the metastable D state (in the case of Ca+). The light gray
curve is without spin-echo and gray curve includes a spin-echo
sequence. The infidelities from spontaneous emissions are de-
termined by the ratio between gate operation time and life
time. (b) Gates error vs Rabi frequency. The black solid line
is the infidelity as a function of Rabi frequency Ω with 10 µs
pulse shaping, which is 10 ∼ 100 times smaller than the gate
time. The integration is executed with spin-echo sequence and
δoff = (2pi)20kHz at η = 0.056, ν = (2pi)1.26MHz. Here the
results are obtained by carefully controlling the phase differ-
ence between two lasers at the second pulse of the geometric
phase gate to reduce an order of 0.1% errors. As in (a), dashed
lines indicate errors caused by spontaneous emission
off-resonant by 2δoff , since the same electronic states are
connected through red detuned and blue detuned lasers.
Only the population transfer between |DS〉 and |SD〉 is
therefore resonant and dominant in MS coupling. Taking
only resonant terms, the MS coupling in Eq. (4) leads to
4
3 h¯η|Ωeff |(σˆ+1 ⊗ σˆ−2 ei∆ϕ) +h.c. due to the offset detuning
4δoff . Since σˆ
+
1 ⊗ σˆ−2 ei∆ϕ commutes with Sˆz, Eqs. (5) and
(6) are valid up to order η3 inside the exponent of Eq.
(3). The induced phase error from adding δoff is compen-
sated by the spin-echo sequence. The black solid curve
in Fig. 2(a) shows that including the offset detuning δoff
lowers the error to around 10−4 order even at large η.
In order to reduce the spontaneous emission during
the gate, fast gate operation is important especially for
optical-transition qubits. For the meta-stable states, the
spontaneous emission probability Psp during one gate is
determined by the ratio between operation time and life-
time of the states. The gate time of the proposed gate
is similar to the σz geometric phase gate with hyperfine
states [3], the MS gate [4, 10, 11], and the Cirac-Zoller
gate[12, 13, 14] for the same laser intensity, because in all
these cases the coupling strength is that of the first side-
band interaction. The maximum intensity is, however,
limited by off-resonant excitations to Ω < |∆1(2)| ≈ ν/2.
The gate time 2pi/δ = 2pi/ 4ηΩ
2
ν , therefore, is limited by
2pi/ην. To guarantee that Psp < 10
−4 , for Ca+ ions the
operation time has to be faster than 100 µs. This means
that it is necessary to increase Ω close to the detunings
|∆1(2)| and also to use a sufficiently large Lamb-Dicke
factor η (see the dashed lines in 2).
When Ω is comparable to the detunings, the di-
rect coupling term from off-resonant excitations, Hˆd =∑
j=1,2(σˆ
+
1 + σˆ
+
2 )
h¯Ωj
2 e
−i(∆jt+φj) + h.c., neglected in Eq.
(2) and (4), needs to be considered. The term induces
mainly population exchanges between electronic states.
The population error from off-resonant excitations can
be described by 1 − ( Ων/2 )2sin2(νt/4) around t = 2pi/δ
[10]. The infidelity can be reduced by either precise con-
trol of system parameters like δ = ν/2N , with N an
integer, or by pulse shaping. Using pulse shaping, one
can start and end the gate operation with a fairly small
Ω by adiabatically changing laser intensities [14, 15, 16].
As we can see in Fig 2(b), the infidelity from the direct
coupling can be on the order of 10−4 up to ν/4 of Ω using
rise and fall times of 10 µs for the pulses.
In the simulation, we observed for a large Ω a reduc-
tion of the Raman coupling strength Ωeff proportional to
(Ω/ν)2. We believe that this reduction is due to an ad-
mixture of the other electronic state due to for instance
off-resonant excitations. The Raman coupling Ωeff,S of
the |S〉 state has an opposite sign as compared to the
coupling Ωeff,D of the |D〉 state, Ωeff,S = −Ωeff,D. Thus
the contributions of other electronic states due to off-
resonant excitations reduce the strength of the coupling
Ωeff proportional to (Ω/ν)
2.
Furthermore, the amount of the reduction at Ωeff,S
is slightly dependent on η, which might come from the
Debye-Waller factor [10]. We note that the infidelities of
Fig. 2(a) and (b) are obtained after correcting the reduc-
tion of Ωeff . In experiments, however, the change of Ωeff
due to direct coupling is not at all a problem, since the
intensities of the bichromatic lasers are to be determined
anyways experimentally.
We also carefully studied other experimental imperfec-
tions such as intensity fluctuations of both laser beams,
positioning errors of the laser beams on the ions, fluctu-
ations of the laser and the trap frequency, and the oc-
cupations of the bus mode and spectators’ modes. The
proposed gate is quite robust to those imperfections sim-
ilar to the geometric hyperfine gate of Ref. [3]. Accord-
ing to our simulations, for intensity fluctuations of about
10−2, a few tenths of kHz of laser frequency fluctuations,
and a few Hz trap frequency fluctuations, less than 0.5
motional quanta of the all motional modes allow for an
infidelity on a level of 10−4.
In conclusion, we propose a σz geometric phase gate for
optical transition qubits. The gate has a small sponta-
neous emission during the operation, and can be applied
to magnetic field insensitive states. We analyze and sim-
ulate the gate in detail and show that the gate allows to
achieve a high fidelity implementation. The proposed σz
gates are interesting not only due to the high fidelity, but
also to their applicability to decoherence-free subspace
constituted by the logical qubits |DS〉, |SD〉 [8, 18]. If
we apply the laser beams described in the paper to two
physical qubits that belong to the different logical qubits,
the scheme works as the entangling gate for the two log-
ical qubits.
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